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SUMMARY

A generalized continuum modelfor diatomicsolidsis presented in this study. Considering the relative displacement ofa
particlein a cell as a single director, the field and the constitutive equations of diatomic solids are obtained through the
use of Toupin’s [ 3] variational principle. Propagation of alongitudinal wave in such a mediumis also reported, and the
result found here is compared with those of lattice dynamics.

1. Imtroduction

Itis a well known fact that most of the elastic materials are made of complex atoms rather than
simple atoms. It is therefore apparent that, from the point of view of lattice dynamics, the
internal structure of such solids is multi-atomic. The classical continuum theory of solids is
based upontheassumption thateachlattice cell behaveslike a single material point particleand
ignores the relative motions of constituent atoms in the cell. In another words, the internal
structure of such a complex cell is not taken into account. As a result of this oversimplification,
the field equations of classical continuum theories for nonpolar elastic materials give non-
dispersive wave solutions. However, the results of phonon dispersion experiments (c.f.
Brockhouse et al. [ 5], Harrison [6], and Wallis [ 7] show that the phase velocity changes with
wave number. These facts have forced researchers to build up generalized continuum theories
that may take the internal structure of lattice cells into account. In these theories the idea of
classicalrigid point particlesis replaced by a generalized particle which may have local motions
as well. Among such studies it may be worthy to mention the director theory of Toupin [3], the
micromorphic theory of Eringen and $uhubi [8], and the multipolar theory of Green and
Rivlin [9]. These theories which are mathematically complete, however, have found little
applications in physical problems concerning the elastic solids.

Starting from difference equations of diatomic lattices of infinite extent, Mindlin [10] has
obtained the field equations for linear diatomic solids. Since the concepts of stress tensors and
associated surface tractions are not introduced in [10], one is not able to solve any physical
problem for which the boundary conditions are expressed in terms of surface tractions. The
continuum theory of diatomicsolids of finite extent is first given by Demiray [ 1,2], in which the
concept of partial stress is also introduced. In that work we have assumed that, from a
mathematical point of view, a diatomic solid may be considered to consist of two simple elastic
media, providing the appropriate interactions between the constituents. After introduction of
such a mathematical model and partial stress tensors, it has principally become possible to
solve any boundary value problem concerning diatomic elastic solids.
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258 H. Demiray

In this study, a generalized single continuum model (directed continuum)for diatomic solids
isintroduced. In building up such a model, each cell of the diatomic lattice is considered tobe a
generalized particle which may have local motions as well as the gross motion. Characterizing
thislocal motion by a single director (d), the field, nonlinear and linear constitutive equations of
such a generalized continuum are obtained by use of Toupin’s [3] variational principle
developed for directed media. A comparison between present model and the one presented in
[1]is made and some special cases are discussed. Finally, using the field equations of present
study, the propagation oflongitudinal wavesis studied and the values of material constants are
obtained in terms of lattice characteristics.

2. Kinematics and basic laws

We consider an elastic body 4, composed of diatomic molecules. In our previous works[1,2]
we have assumed that, from the mathematical view point, such an elastic medium may be
considered to consist of two initially overlapping simple elastic media, providing the approp-
riateinteractions between the constituent particles. In other words, weimplicitely assumed that
initially both particles in a lattice cell occupy the same space point and ignored the orientation
of one particle relative to the other in the same cell. Generally speaking,inorder tolocateacellin
a three dimensional E-space, we need six numbers or two vectors. If these two vectors are
measured with respect to the same origin, one obtains the model introducedin [1,2]. However,
if the location of one of these particles in a cell is described relative to the other in the same cell,
the mechanical model sointroduced will be conceptually different from the previous one. Inthe
latter case, the vector connecting two atomsin one cell may be considered as asingle director. As
might easily be realized, the first model corresponds two interacting elastic solid continua,
while the second one is built upon the assumptions of a single elastic continuum with a
deformable director. In the present study we will be concerned with second model and
formulate the problem accordingly.

Now we consider an elastic body 4, that is the collection of the same type of material
particles to each of which a director is attached. Let the initial coordinate of a material particle
be denoted by X and the associated director by D(X )*. Upon deformation of the body, the new
position of the same material point at time t will be denoted by x and the correspondingdirector
by d, Figure 1.

Thus the motion of such a generalized elastic continuum is described by

x=x(X,t), VXeB, tel=[t,t,] 2.1)
d = d(X, 1), (2.2)

such that x —+ X and d —» D ast — t,, where t, is the reference time parameter.
Equation (2.1} is one-to-one onto, so that it has a unique inverse, given by

X = X(x,t) (2.3)

* In fact, the magnitude of this vector D corresponds to initial distance between two neighboring particles in a cell.
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Xs

Figure 1. The motion of generalized body.

The gross translational velocity of a generalized material particle! and its local (or micro)
velocity are defined by

Ox od

v=E—1|, vE—| . (2.4.a,b)
ot |y tlx

Similarly, the gross and local accelerations of a material particle are
_%x A (250 b)
= < ot >
Following Toupin’s [3] director theory we introduce a function
LX,t)=LX,x,d % d,F,G,1) (2.6)

called the action density. Here F = Vx, G = Vd, V = §/0X, t is the time derivative. The
equations of motion and the boundary conditions for such materials are obtained from
Hamilton’s principle in the form of the variational equation

5J j L(X, ydvdt + jf (Z-5x + W-od)dVvdt
I vy IJYV

+ J J (T 6x + H® - 6d)dSdt — f (P-ox + Q-od)dV ? =0, 2.7
1Js v

t1

where Vis the volume of undeformed body %, S is the material surface enclosing the body, Z
and W are certain generalized body forces, T° and H® denote certain generalized surface

! Here, by a generalized material particle we mean the reference particle whose massis the sum of masses of all particles
in a cell considered.
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260 H. Demiray

tractions, P and Q arecertain generalized moments,and I = [t,, t,]isthetimeintervalin which
the motion of the body is evolved. The variations dx and dd should vanish at t, and t,,.

Noticing equation (2.6), if one performs the variation (2.7} and makes use of the of the
generalized Green—Gauss theorem one obtains

j J [(TKI,K - Pl +Z,— g)ox; + (HKZ,K - Qz + W, — R)od,]dVvdt
I VY

+ j J (T? — T Ngox, + (H — Hy,N,)od,]dSdt = 0, (2.8)
IS

“where NV is the exterior unit normal vector and other quantities are defined by

T oL p oL oL (2.92)
= =, U — 9a
T TGRS T ) T T o
Ho- oL 0, = JL R — oL 5 5b
K& 86, = ad, ' ad, (25b)
Equation (2.8) is satisfied for all independent variations of 8x, and dd, if and only if
TK!.K+Zl=Pl+gl> Hyx+ W= Q1+Rz> in ¥, ) (2.10,11)
TaNg=T°, HuNg=H}, on S. (2.12,13)

So far we have not said anything about the invariance requirements of the action density L.
To make further progress in the problem, we will study the invariance requirements of the
action density in the sequel.

3. Invariance and conservation

We shall say that two motions of a given medium differ by a Euclidean displacement if
xHX ) =R,x(X, ) + ¢, di{X,t*)= R;d(X,1), t*=t+aq, (3.1)

where the starred quantities define one of the motions and the unstarred quantities the other.
Allquantities arereferred to acommon rectangular Cartesianinertial frame of reference, R,;isa
constant proper matrix, and c; and a are also constant.

It is postulated that the action density L is invariant under the transformation (3.1). The
restrictions imposed by this requirement are given by

oL s oL
—=0, — =0, K;;=0, 3.2
ax; ot i (32
where
oL oL oL . 0L . OL
K.=d—+F Gix + X —+d,— (3.3)

, + ;
“oTed, T aF, 0G 8%, od ;
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A continuum theory of diatomic solids 261

With the conditions (3.2) and (3.3)in mind, consider now the variational equation (2.7) which
summarizes the equations of motion, boundary conditions, and initial and final data. Equation
(2.7) must hold for all admissible variations of dx; and dd, that are geometrically consistent. In
particular it must be valid for

(1) ox; =¢, od; =0, (3.4)
() ox; = Q,;x;, 6d;=Q;d,
() ox; =X, od; = d,

where Q;; = —Qistheconstantandinfinitesimalrotation tensor. The necessary and sufficient

conditions that (2.7) hold for these special types of variations are:

ty
deV —JJTOdet—Jj Z,dvdt =0, (3.5)
14 IvV
deV —Jj(x[l + d;H%dSdt -

- J f (xeZ;y + dgWy)dVdt = J j Kgydvdt = (3.6)
1JVv I

[ sor
V

where, in (3.7), we have set

t2

—J J (T%%, + HYd )dS dt ~ J J (Z%,+ Wd)dvdt =0, 3.7)
I1J§ 14V

51

E=Px% +0d,— L, (3.8)
which we call the energy density, and in (3.6) we have set

Lij= —Ly=xPp+dQp (3.9)

%)

which we call the density of angular momentum. Inspection of (3.5),(3.6), and (3.7) shows that the
difference between the values of total linear momentum, angular momentum, and energy of a
body at times t, and t, is equal, respectively to the resultant linear impulse, the resultant of
angular impulse, and the work done by the generalized forces T, H?, Z,,and W, during the time
interval I.

From the definition (3.9) of the density of angular momentum one sees.that, in general, the
angular momentum of a macroelement is not equal to the moment of the linear momentum.
Also,from(3.5)and (3.6),one sees that thetorque exerted onabodyis not,in general,equalto the
moment of the body forces Z; and the surface traction T?.

We now specialize the problem and consider a directed medium for which the generalized
momenta are assumed to be given by

Po=p% + pd, Q= p3(%, + d), (3.10,11)

where p, is the total undeformed mass density ofthe medium, and p3istheinitialmassdensity of
particles associated with directors.
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Substitution of (3.10) and (3.11) into (2.9a, b), yields the following differential equations

=L pog 4 pod Q—aL %%, + d)) (3.12,13)
L= —— = X. . y = == . -1, .
i ax p i p2 i i adl p2xl i ?

Solving these two simultaneous partial differential equations for L, one obtains

L=p%x* + pld- % + p33d* — 2(F, d, G, X). (3.14)
Introducing (3.10), (3.11) and (3.14) into equation (3.8) the energy density is found to be

E = p°4x? + pld - % + pdid* + Z(F, d, G, X). (3.15)

Here the function X' will be called as the strain energy density function of the generalized
continuum. By inspection of equation (3.15) one sees that the total kinetic energy density of the
medium is given by

T=p°L% + p9Ld? + pld-% =T + T, + pd - x. (3.16)

As might be seen from equation (3.16), the total kinetic energy of the medium is not separable,
i.e., the total kinetic energy is not the sum of the classical kinetic energy and directorial kinetic
energy. These two types of kinetic energies are correlated through the last term of equation
(3.16). The total kinetic energy is seperable if and only if the classical particle velocity is
perpendicular to the director velocity.

Inserting (3.16) into equations (2.9a, b), the generalized stresses, momenta and other
interacting forces may be given by

0

Tam s Po= %4 i, 0,=0. (3.17)
K
0 o 0z

Hy, = 3G, ’ Q= P35 +dy), Ry = EE (3.18)

Thus, the field equations and boundary conditions can be re-expressed as follows

Tax + P°h = po¥y + p3d;, in (3.19)
TuNg =T, on S, (3.20)
Hy x + P99, — R, = pi(%, + d)), in V, (3.21)
H Ny =H}, on S, (3.22)

where Z, = p°f, and W, = pJg, are respectively the total and directorial body forces per unit
volume.

Equations (3.17)(3.22) are the material description of the constitutive relations and the field
equations for the generalized continuum under consideration. In some cases it might be useful
to express these quantities in terms of the values measured on deformed configuration. Let the
Jacobian of the motion be denoted by J = det F. Multiplying the both sides of equations(3.19)
and (3.21) by 1/J, and of (3.20) and (3.22) by dA/da, where d4 and da are the undeformed and
deformed elementary areas, we obtain the following equations.
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A continuum theory of diatomic solids 263

tax + P = PX, + pady, in v, (3.23)

Ll = 1y, on s, (3.24)

I+ P2gi— Ry=py(%,+d),  in v, (3.25)

hyn, = hy, on s, (3.26)
where

o~

1 1 1
tw=—7TuFuw hy=—HgFy R =—R, 1= TlodA/da,
J J J
h=HdA/da, p=p°lJ, py=plfd, m =JdAfda F3IN, (327)

Heret,,, b, t;,and h are the generalized Eulerian stress tensors and associated surface tractions,
p and p, are respectively the deformed total mass density of the generalized material particles,
and associated directors, and n, is the exterior unit normal of the material surface in the
deformed configuration.

Using therelations (3.17),,(3.18),,and (3.27) in equations (3.2) and (3.3), the condition that is
to be satisfied by the generalized stresses and forces is given by

epdiR; + ty; + dy hy) = 0. (3.28)

So far we have worked with the vector d and its gradient G = Vd. Since, in our case, Disa
constant vector, it may be convenient to express the strain energy function X in terms of w
= d — Dand S = Vw;wherewcorrespondsto the relative displacement vector. In this case, the
generalized stresses and reaction force R, take the following form:

) 0 0X
- (3.29)

T :———, =———’ = .
MoF,” M as, T ow,

Since 2'isa state variable, it must be form-invariant under the localrotation of the spatial frame
of reference. We will, therefore, next study the implication of thisrequirement. LetM be a group
of orthogonal transformations of the spatial frame of reference xXMM™T = M™M = [)and w, F,
and § be the transformed values of w, F, and S. Then the following relations are valid.

(w, F,S) = M(w, F, S). (3.30)
The strain energy function 2 should be form-invariant under the transformation (3.30), i.e.,
2(X,w,F,S)=2(X,w,F,S). (3.31)

Such arequirementimplies that the strain energy function should be a function of the following
form (cf. Spencer [4])

2=23XCT,B), (3.32)
where
C=F'F, T=F'S, B=F"w. (3.33)

Here the superscript (T) denotes the transpose of the corresponding tensorial quantity.
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Introducing (3.32)into (3.29) and noting the relations (2.21), the generalized stresses and the
reaction force become

T, 2 0z F,; + 0z S+ ———
= w
Ki P Crr i Ie. IL P BK 1 (3.34)
0x 0x

Hy = Fiy (3.35, 36)

——F,;, R=—r
or,, "™ ' 0By

By this form of constitutive equations, the condition (3.18) is identically satisfied.

Insomecasesitisconvenient to express the generalized stresses and reactive forcesin terms of
Lagrangian strain tensor Ey; = 3(Cy, — dx;); Where &, is Kronecker delta. If this is the case,
the equation (3.34) takes the following form

0X 0 0

Fy + Sp+—
0E,, ™ oIy, "™ 0B,

Ty = Wy, (3.37)
while (3.35) and (3.36) formally remain the same.

Theset of equations(3.34)3.36) gives the most general form of constitutive equations for the
directed medium considered. Various other nonlinear constitutive equations may be deduced
from this general formulation. In what follows we shall study the linear constitutive equations
only.

4. Linear constitutive equations

Inordertobeabletosee some simple but obvious applications of the theory developed here, the
linear constitutive relations play a central role. For a theory that is geometrically linear, the
constitutive independent variables take the following form

~

EKL = %(UK,L + Uy %), fKL =Wy Bp=Wp 4.1)

where U, and Wy are respectively the Cartesian components of the classical displacement
vector u and directional displacement vector w with respect to material coordinate X.
Forthis purpose, it is convenient to expand the strain energy function 2 into a power series of
E, I, and B as follows:
Z = ZO + ZIKBK + ZZKLEKL + 23KLFKL + 24KLMEKLBM + ZSKLBKBL

+ ZSKLBKBL + 26KLMFKLBM + 27KLMNEKLEMN + ZSKLMNFKLFMN

+ EQKLMNEKLFMN (42)
where Xy, 2k, - - -, Zogiay are, in general, functions of X. Throughout this work, we will

assume that the body under consideration is homogeneous, so that these coefficients are
constant. Here, we also note that some of these coefficients have the following symmetry
relations.

=X

ZZKL = Z’-IZLK’ Z4KLM = Z‘-I4LKM’ Z’-ISKL SLK>

4.3)

Z7KLMN = Z7LKMN = Z7MNKL= ZSKLMN = g mnkLs ZQKLMN = Zorgmn-
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A continuum theory of diatomic solids 265

The use of (4.2) in (3.35)+3.37) gives the most general and linear constitutive relations for
anisotropic materials; but we will not list them here. In this work we are rather interested in
isotropic materials. For this particular case, the nonvanishing elastic moduli are:

Zoke = %0k Zagr = BoOxrs Laxr = 3VOxes
Zykemn = $A0k0un + 3OxaOry + OxaOra;
Zokemn = 2910k10un T 3920ga01n + 3030knOLar,
Zogimn = B1OxiOuy + Bo(OxuOLy + OxnOpar)- (4.4)
Hence the strain energy function takes the following form
2=2+ °‘oE~RR + ﬂOfRR + %VEKEK + %A(ERR)Z + /lEKLEKL + %“1(fRR)2
+ 3 T + 30Tl 1 + ByErelop + BoExal i + Exael - (4.5)

Introducing (4.5)into (3.35)+3.37) and neglecting the powers of Uy ;, Wy ; and W higher than
one, the following linear constitutive equations are obtained

Ty, = 61L['1ERR5KL + 2/‘E~KL + ﬂlfRRéKL + ﬂl(fKL + fLK)]f (4.6)
Hy = 51L[a1fRR5KL + °‘2fo + °‘3fo + ﬁ1ERR5KL + 2ﬁ2E~KL]= 4.7)
R, = 8,,(vBy), (4.8)

where J, is the coordinate shifter. In arriving this result we have assumed that the medium is
initially stress free (in general sense), i.e., Ty, ~ Hy, — 0 as E — "= w — 0. In this case the
coeflicients o, and S, must vanish.

In small deformation theory the difference between the material and the spatial coordinate
systems may be disregarded. Hence the spatial description of the constitutive relations may
be given by

by = 26,0,y + 26, + B17,04 + Lol + T, (4.9)
by = 417,00 + 0,7y + 037, + 816,04 + 25,64, (4.10)
R, = vw,,

where d,, is the Kronecker delta and the other quantities are defined by
G =3t + 3 T = Wi Wy = Wb (4.12)

Forreal elasticmaterials,in order to have a stable motion (or deformation), the strain energy
density function must be positive for all admissible values of the generalized displacements.
This requirement puts certain restrictions on the material constants, 4, g, v, o, and f,. To this
end, we decompose the tensors é;, and 7, into equivoluminal and deviatoric parts as follows:

Gy = %érrékl + &y Tu= %?7"-51(1 + &l/cl + Cakla (4.13)
where €, =0, ¢, =0,d,, = 0,and
(Z;d = %(wk,l + W)~ $eeOrs @y = %(Wk,l = Wy i) (4.14)
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Inserting (4.13) into equation (4.5) and noting the relations (4.14), the strain energy function
becomes '

=2, + 3w + %(“2 — 43)By By + (42 + tu/3)(e~rr)2
+ é(&xl + (XZ + (xS)(frr)Z + (al + 2ﬂ2/3)érr}7qq + ﬂéf:lélil
+ 3o, + a3) 5!21 55121 + 28,6, 5}21 (4.15)

Inorder that the strain energy function X be positive for all arbitrary variations of independent
constitutive variables, the following inequalities must hold

vz0, o,—a;20, 33+2p420, 30, +a,+2320, 220, a,+0;20,
(A + 20)(3ey + ay + o3) — By + 26 20, (e, + o) ~ 263 20, (4.16)

Introducing (4.9)—4.11) into equations (3.23)+3.26), the field equations and the boundary
conditions are obtained to be

(A + wV(V )+ uV?u + (B + BIV(V-w) + B,V?w + pf = piii + p, W, (4.17)
By + BIV(V - u) + B,Vu + (o, + 0,)V(V W) + o3 Viw — vw + p,g = p, (i + W), (4.18)
tat =ty hgn, = hy. (4.19)

These field equations and the boundary conditions may be used to determine the mechanical
field completely. Before we give the solution of anillustrative example, it might be interesting to
see the connection between the field equations and the constitutive relations of diatomic solids
and directed (or oriented)continuum described herein. Thisisdone in theremaining part of this
section.

Classical equations of diatomic solids:

Following Demiray [1,2] the motion of a diatomic solid viewed as the collection of two simple
but interacting continua may be characterized by

X = xO(X 1), x=12 (4.20)

Selecting the coordinates of one of the particles in the continuum, say « = 1, as the location of
the generalized particle, the following identification holds true:

xil)(Xa t) = xk(Xa t): x;;Z)(Xa t) = xk(Xa t) + dk(Xa t),
FiY=Fug FR=Figt Gy (4.21)

Employing(4.21)in equations(3.17)and (3.18) and performing the necessary differentiation we
obtain

() 0%

=——— 4+ P, =pxl + pIx?, (422

K= G T R k= P1Xp T T PaXy (4.22)
X ax

Hy =—:FH, = pix? R, =-—, 423

Ki oFD Q=P K k o, (4.23)
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A continuum theory of diatomic solids 267

where p? is the initial mass density of the species (1), i.e., p} = p® — p3. Comparing these
constitutive equations with those of (3.6) and (3.7) of reference [1], we arrive at the following
relations

Iy, = Tlg) + Tlg)’ Hy = TI((%)' (4.24)

Similar comparisons can be made for the field equations. In this case, the equation (3.21) is
equivalent to equation (2.9) of reference [ 1] while (3.19) is the sum of equations (2.8) and (2.9) of
the same work.

Inthecaseoflinear constitutive theoryitisalso possibleto obtain somerelations between the
material constants introduced by two different view points (or models). Comparing equations
(4.9) and (4.10) of this study with those of corresponding equations in [ 1], we have

A=ay+a,+2as, p=a,+a,+2a, f=a;+as,
Bo=a,+as o0,=a; o,=a,+ta, 0y=a,—a; V=d, (4.25)
where ag, a,, . . ., a, are the material constants introduced in [1].
As a result of these comparisons, one can see that there is one-to-one and unique

correspondence between two models introduced for the mechanical description of diatomic
solids.

5. Plane harmonic waves

To be an illustrative example, in this section we will study the propagation of plane harmonic
waves in such a medium. For simplicity and easiness in comparing present result with those of
lattice dynamics, we only investigate the longitudinal waves; the transverse waves may be
studied in the same manner. Assuming that the waveis propagatingin the x, direction,insucha
situation, the nonvanishing displacement components may be expressed by

u, = U, exp[i(wt — kx,)], w, = W, exp{ilwt — kx,)], (5.1
where w is the angular frequency, k is the wave number, and U, and W, are the complex
amplitudes of the wave.

Introduction of (5.1) into (4.17) and (4.18), neglecting the body forces, yields the following
homogeneous algebraic equations.

[pw? — (A + 2,u)kz]U1 }+ [pzcoz — (B, + 2ﬁ2)k2]VVl =0, (5.2)
[p0? — B+ Zﬂz)kz]U1 + [pzwz ~ oy + oy + °‘3)k24_ v]W; =0. (5.3)

In order to have a nonzero solution for U, and W), the determinant of the coefficient matrix
obtained from equations (5.2) and (5.3) must vanish. Thus,

pap — pz)w4 - {p[(ocl + o+ O‘s)kz +v]+ p, {4+ 2p) — 2B, + Zﬂz)]kz}wz
+ {[A + 2@y + oy + o5) = (B + 28,)°Tk* + (A + 2uvk?} = 0. (5.4)

By setting k = 0 in equation (5.4), the cut-off frequencies are obtained to be

® —[i—r w, =0 (5.5)
Ylep—p) ] 2 '
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This result shows that one of these waves is acoustical, while the other is of optical character.

In order to proceed further, one must know the values of material constants appearing in
equations (5.4). Employing the lattice dynamic approach, the dispersion relation of a one-
dimensional diatomic lattice is given in the Appendix. Comparing equations (5.2) and (5.3),
with (A-8) and (A-9) the following relations are obtained

A+2u=E; +E; +3E, By +28,=E;y +3E,,

a, +o, +oy=E,, v=2E,,/d* (5.6)
where d is the length of a cell in diatomic lattices, and E;; are constants related to spring
constants of the same lattice considered. These relations are not sufficient to determine all the
material constants presented in this study. In addition, one should also consider the shear

motions of a diatomic lattice.
Employing these relations in equation (5.4) the dispersion equation becomes

pop — p)w* — {[PEy, + poEy, — Ep)IK? + 2pE,,/d*}0*
+ [(Ey Epy — T5Ek* + 2E ,/dXE,, + Ey, +3E )k*] = 0. (5.7
The coefficients of this equation are known in terms of lattice characteristics.
For numerical calculations, it might be useful to introduce the following dimensionless
quantities
ot o Bl &
palp — py) 4
E=kd, y=p,/p.

Ky =E | JE,, K, =E);/E,,

Introducing these quantities into equation (5.7), we get

WL —9)
4

Q* - {%[Kz + Yy — ’Cz)]éZ + 1}92 + I: (rcyxcy — 10t

N 1l —7)

5 (ky + K, + %)52} = 0. (5.8)

The roots of this algebraic equation can be expressed as

(€)= A(6) + 4%9), (5.9)
where A and 4 are defined by

A = 3{3lr; + 9y, —x)1¢* + 11,

A4=4>— 19412 [y 7ey — TRIE* + 205, + &, + $)E21. (5.10)

Here the subscript (ac) and superscript (op) stand for the acoustical and optical branches,
respectively.

From this general formulation, various limiting cases may be investigated. Some of them are
given below:
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(i) Limit of low frequencies: In this case, the terms comprising Q* can be neglected as
compared to Q2. Equation (5.8) may, then, be simplified to

- {%[Kz + y(’ﬁ - Kz)]fz + 1}92 +

+ (1 — )ALk, —7)E + 2y + 10, +3)E7] =0. (5.11)

Thisequation gives only one root which isthe frequency foracoustical waves. Inaddition, if the
order of © is the same with that of £ (that is, the wave number is also small), the foregoing
equation becomes

_ =)
2

02 (e, + K, + HE2, (5.12)

which gives a constant phase velocity as
v, = Q/E =Dl =9, +x, +3)/2]% (5.13)

This equation shows that for small wave numbers the wave with low frequency (acoustical
wave)isnotdispersive and the dispersion relationis given by (5.12) or (5.13). However, asis seen
from equation (5.11), for larger values of the wave number, the wave turns out to be dispersive.

(i) Limit of high frequency: In this special case the last two terms of equation (5.8) may be
neglected (this is particularly true for small wave numbers). Hence the dispersion equation
takes the form

Q7 — [1 + 3, + 9, — ,)]E7T = 0. (5.14)

This, indeed, gives the frequency of the wave associated with optical branch. Equation (5.14)
shows that even for small wave numbers the wave characterizing the optical branch is
dispersive.

Another pointthat we would like to discuss hereis the behavior of function characterizing the
optical branch around £ = 0.In the first place, it can be shown that & = Ois an extremum point
for the function £2,,. In order to see whether the group velocity vy = dQ, /d{ is negative or
positive around & = 0, one has to examine d*Q,,/d&? at £ = 0. Thus, differentiating equation
(5.8) twice with respect to ¢ and noting that Q_ () = 1and d2, /d¢ = 0 at £ = 0, we get

d2Q
d& |,

= 31 — 9k, + v, ~ 91 = 9)/2]. (5.15)
Dependingon thesign ofequation (5.15), the group velocity associated with optical branch may
take positive or negative values around ¢ = 0. If the foregoing equation is positive, i.e.,

(1 = 9Py + v > 91 = D)2, (5.16)

the function 2, (¢) takes its minimum value at ¢ = 0. Another words, the frequency of the wave
increases with increasing wave number. However, if (5.15) satisfies the restriction

(1 = 9Pry + 7% < (1 = 9)/2, (5.17)
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the point { = 0is a maximum point for £, . If this latter condition is valid, then the frequency
decreases with increasing wave number. It should be noted that in the former (latter) case the
group velocity is positive (negative).

Conclusion

Starting from a generalized continuum model (directed continuum) the field equations and the
constitutive relations of a diatomic solid are derived through the use of a variational principle.
An example problem concerning the one-dimensional harmonic wave propagation in such a
medium shows that the field equations presented here give wave solutions that are dispersive.
Moreover, depending on the positive or negative values of a function f(E,;, E,,, E,,, p, p,)
the group velocity may take positive or negative values (see equations (5.16) and (5.17)). It is
particularly interesting to note that this relation depends also on mass densities of the medium
under investigations.

Here we have presented a simple application of generalized continuum theories to diatomic
solids. Similarideas may beextended toformulate the field equations and constitutiverelations
of multi-atomic solids.

Appendix. Dispersion relations of one-dimensional diatomic lattices

In the main part of this study we have needed the dispersion relation of one-dimensional
diatomic lattices. In the Born model for NaCl, the interactions of only the nearest atoms are
taken into account. For our purposes, however, we should consider the interactions of next
nearest atoms as well as those of nearest atoms.

We assume that the atoms of all kinds are spaced at equal distance, say d/2, so that the cell
length is d, Figure 2. The particles of mass M, will be numbered by even integers (2n, 2n + 2,
etc.), the ones of mass M, by odd integers (2n — 1,2n + 1,etc.). The spring constants associated
with interatomic forces are shown in Figure 2. Let the displacements of these particles be
denoted by 4, , and u%2). Thus the motions of two different types of particles may be given by

2n+
(1 2 2 1 1 1) )
M1”5n)+1 = k3(”(2n)+2 + “(2n) - 2"‘(2r:)+ )+ k1(”(2n)+3 + ”(2n-1 = 2u3,4 1), (A-1)
~(2) _ 1 1 2 2 2 2
Mz”(zn) = k3(u(2n)+1 + ”(2n)-1 - 2”(2n)) + kz(”(zn)+2 + ”(2,1)—2 — 2uf)). (A-2)

In harmonic approximation, the displacements are expressed as
D). = U, exp{i[wt — 2n + )y}, u2) = U, exp{ifwt — 2ny,]}, (A-3)

where w is the angular frequency, #, = kd/2 (k is the wave number), and U, and U, are the
complex amplitudes of the wave.
Introducing (A-3) into (A-1, 2) the following homogeneous equations are obtained:

4E 2E, \ 4E,, . 2E
l:pla)2 - ( d211 sin?n, + —35)] U, + <— d212 sin 77,,, + 712) U,=0, (A-4)

4E,, . 2 4E,, . 2E
(_ d212 Sln2 ;71/2 +——£> []1 + l:pza)2 — ( d222 Sln2 74 +721£):l U2 = O, (A—S)
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Figure 2. One dimensional diatomic lattice.

where E,, = k,d, E,, = k,d, and E,, = k,d are the partial Young’s moduli,and p, = M, /d,
p, = M,/d are the partial mass densities of the diatomic solid under investigation.

Inlocalcontinuum theories we assume that the wave length s very large, or the wave number
is very small, as compared to the cell length d. If 7, = kd < 1,thefunction sin(kd/2) may then be
approximated by kd/2. With this assumption, the equations (A-4) and (A-5) take the following
form

2E E 2E
[plcuz - <E11k2 + dz”)] U, + [— %kz + dz“j' U,=0, (A-6)
E 2E 2E
[~ —iz—kz + dz”] U, + [pzcuz - (Ezzkz - dz”)] U, =0. (A-T)

These equations, in their present form, are not convenient to compare with equations (5.2) and
(5.3). Noting the relation U, = U, + W, (see equation (4.21)) and summing up the equations
(A-6) and (A-7) side by side, we have

[pw? — (Eqi + Epp + E12/2)k2]U1 + [Pzwz —(Epp + E12/4)k2:|VV1 =0, (A-8)
[pr00* — (E;; + E12/4)k2] Uy + [py0% — (Ey0k* + 2E,/d*)W, =0, (A-9)

where p = p, + p, is the total mass density.
Thisis the dispersionrelation for a wave propagating in a diatomic solid viewed as a directed
continuum.
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